It is known that turbulent energy is rapidly transferred in the direction of the rotation axis in a rotating system, in comparison with the non-rotating case. In this study, this phenomenon is investigated as a problem of energy diffusion expressed by the Reynolds averaged Navier-Stokes (RANS) model. The conventional gradient-diffusion approximation for the turbulent energy flux cannot account for the enhanced energy transport observed in rotating inhomogeneous turbulence.
cannot account for the enhanced energy transport observed in rotating inhomogeneous turbulence.
In order to adequately describe the phenomenon, we propose a new model for the energy flux due to the pressure associated with the rotational motion of a fluid. The model of the energy flux is expressed to be proportional to the turbulent helicity. This property is closely related to the group velocity of inertial waves in a rapidly rotating fluid. The validity of the model is assessed using a direct numerical simulation (DNS) of inhomogeneous turbulence under rotation. It is shown that most of the turbulent energy transport enhanced by the system rotation is attributed to the pressure diffusion term. The spatial distribution of the energy flux due to the pressure related to the system rotation is similar to that of the turbulent helicity with negative coefficient. Hence, the new model which is proportional to the turbulent helicity is able to qualitatively account for the enhanced energy flux due to the system rotation. Finally, the helical Rossby number is proposed in order to estimate the relative importance of the energy flux enhanced by the turbulent helicity and the rotation, in comparison to the conventional gradient-diffusion approximation.
I. INTRODUCTION
Turbulent flows are known to be significantly affected by system rotation. Many geophysicists, astrophysicists, meteorologists, and engineers are interested in the effects of system rotation on turbulence. In a rapidly rotating fluid, it is well known that the TaylorProudman theorem is valid, which indicates that a flow subject to rapid rotation becomes two-dimensional. The related phenomenon is observed in homogeneous turbulence under rotation, using the eddy-damped quasi-normal Markovian (EDQNM) approximation [1] , the large-eddy simulation (LES) [2] , and direct numerical simulation (DNS) [3] . These results indicate that the inter-scale energy transfer in the wavenumber space is altered due to the system rotation. In the case of decaying homogeneous turbulence, system rotation prevails against the energy cascade to the small scale, and the decay rate of the turbulent energy is suppressed [3, 4] . This suppression of the decay rate of the turbulent energy can be predicted by the Reynolds averaged Navier-Stokes (RANS) model, in which a term accompanied with the system rotation is added to the transport equation for the turbulent energy dissipation rate [4, 5] . Hence, the RANS approach to homogeneous turbulence subject to the system rotation has been successful.
The RANS models are more often applied to inhomogeneous turbulence. In the previous studies of the RANS modeling, the effects of the system rotation on inhomogeneous turbulence are mainly discussed in terms of the Reynolds stress. In these studies, the effects of the system rotation on the Reynolds stress are expressed in the form of the nonlinear eddy-viscosity models with rotation-dependent coefficients [6, 7] and with helicity density (hereafter simply referred to as helicity) [8] [9] [10] . However, the effects of the system rotation on the turbulent energy transport were not discussed. This might be because the Coriolis force does not perform work on the fluid, and the turbulent energy transport equation is not altered.
In order to focus on the effects of rotation on the turbulent energy transport rather than on the Reynolds stress, it is useful to consider the inhomogeneous flow fields without the mean velocity. A simple example of such a flow is an oscillating-grid turbulence [11, 12] .
Its schematic flow configuration is shown in Fig. 1 , in which the system rotation rate Ω F is zero. In the experiment involving this flow, the turbulent energy is generated by an oscillating grid in a tank and spatially transferred in one direction perpendicular to the grid plane. Dickinson and Long [12] experimentally suggested that the diffusion of the turbulent energy can be represented by the 'eddy viscosity,' and the turbulence thickness d grows as d ∼ t 1/2 . This suggestion indicates that the diffusion in an oscillating-grid turbulence can be predicted using the conventional gradient-diffusion approximation. Matsunaga et al. [13] revealed that the spatial distribution of the turbulent energy in a steady state of the oscillating-grid turbulence can be predicted by the conventional K-ε model.
These results suggest that the gradient-diffusion approximation with the eddy viscosity is suitable for the description of inhomogeneous turbulence without system rotation. However, this is not the case for rotating turbulence. Dickinson and Long [14] performed an experiment involving oscillating-grid turbulence with system rotation where the axis was perpendicular to the grid plane ( Fig. 1 ). They revealed that the turbulence thickness grows as d ∼ t; the growth is faster than the non-rotating case where d ∼ t 1/2 . The same result was obtained by experiments [15, 16] and a numerical simulation [17] . This fact suggests that for rotating inhomogeneous turbulence, the diffusion of the turbulent energy cannot be simply described by the gradient-diffusion approximation since the time dependence of the thickness is notably different from the well-known diffusion problem. In other words, the phenomenon cannot be predicted by the conventional RANS models using the gradient-diffusion approximation with the eddy viscosity. Moreover, Godefered and Lollini [18] performed the DNS which mimics the rotating oscillating-grid turbulence and showed that the spatial distribution of the turbulent energy is significantly affected by system rotation. Although Yoshizawa [19] proposed a model for the pressure-velocity correlation associated with the mean rotational motion of a fluid, this model represents the energy flux in the direction perpendicular to the rotation axis. Hence, this model cannot account for the energy transfer enhanced in the direction parallel to the rotation axis.
Ranjan and Davidson [17] discussed the relationship between the growth of the turbulence thickness and the inertial wave observed in a rotating oscillating-grid turbulence in detail.
The group velocity of the inertial wave is mostly directed to the rotation axis and its sign corresponds to the sign of the helicity [20] ; the wave packets with negative (positive) helicity propagate in the positive (negative) direction of the rotation axis. These facts imply that in the RANS modeling, the energy transport enhanced in a rotating oscillating-grid turbulence can be described in terms of the helicity. Inagaki et al. [10] showed that in the case of inhomogeneous helical turbulence subject to system rotation, the pressure diffusion term significantly contributes to the Reynolds stress transport. They also confirmed that the correlation between the velocity and the pressure fluctuation can be expressed by the product of the turbulent helicity and the absolute vorticity vector. In contrast to the model proposed by Yoshizawa [19] , the model proposed by Inagaki et al. [10] represents the energy flux in the direction parallel to the rotation axis. Thus, this model is expected to account for the enhanced energy transport in the direction parallel to the rotation axis for rotating inhomogeneous turbulence.
Helical flow structures are often seen in engineering fields such as a swirling flow in a straight pipe [21, 22] and meteorological flows including supercell [23, 24] . It is possible that the turbulent helicity affects the energy flux in such flows. The model suggested by Inagaki et al. [10] may be useful for predicting such helical flows with rotation. In the context of magnetohydrodynamics (MHD), helicity is known to be essential for the alpha dynamo effect [25] [26] [27] . The model of the energy flux accompanied with helicity and rotation suggests that helicity affects not only the mean magnetic field, but also the turbulent kinetic energy. The prediction of the turbulent kinetic energy is significant for the estimation of the turbulent time scale in the alpha coefficient in the RANS models of the MHD turbulence [28] [29] [30] .
In this study, we assess the validity of the model proposed by Inagaki et al. [10] which is associated with helicity by using a DNS of freely decaying inhomogeneous turbulence with and without system rotation whereby the rotation axis is parallel to the inhomogeneous direction of turbulence. The simulation configuration is similar to that proposed by Ranjan and Davidson [17] in which the simulation of rotating turbulence is performed starting from a spatially confined homogeneous isotropic turbulence. We focus on the RANS modeling of the phenomenon in low to moderate rotation cases. This is because under such circumstances, 
II. TURBULENT ENERGY TRANSPORT ENHANCED BY HELICITY AND SYSTEM ROTATION
The Navier-Stokes equation and the continuity equation for an incompressible fluid in a rotating system are given, respectively, by
where u i is the ith component of velocity, p the pressure divided by the fluid density with the centrifugal force included, ν the kinematic viscosity, ∇ 2 (= ∂ 2 /∂x j ∂x j ) the Laplacian operator, Ω 
where s ij [= (∂u i /∂x j + ∂u j /∂x i )/2] is the strain rate of velocity and ω i (= ǫ ijℓ ∂u ℓ /∂x j ) is the vorticity. In a non-rotating frame, the first two terms on the right-hand side of Eq. (3) remain. The third term on the right-hand side of Eq. (3) denotes the effect of the system rotation on the pressure. In order to directly evaluate the effects of rotation on the pressure, we decompose the pressure into a nonlinear component and a rotational component as
where they are respectively defined as
Hereafter, we refer to p N as the nonlinear pressure and refer to p Ω as the rotational pressure.
A. Turbulent energy transport equation
In this study, the energy transport phenomenon observed in both non-rotating and rotating oscillating-grid turbulence are discussed in terms of the RANS equation. We decompose the physical quantities q[= (u i , p)] into the mean and the fluctuation parts as
where denotes the Reynolds or ensemble averaging. Substituting Eq. (5) into Eqs. (1) and (2), we can derive the equations for the mean velocity and the velocity fluctuation. Then, the equation for the turbulent energy K(= u
Here, P K is the production rate, ε the dissipation rate, T K the turbulent diffusion, Π K the pressure diffusion, D K the viscous diffusion, and F K the work done by the external forcing.
They are respectively defined as
where
denotes the strain rate of the mean velocity and
is the Reynolds stress. It should be noted that the angular velocity of the system rotation does not appear explicitly in Eqs. (6) and (7a)-(7f) since the Coriolis force does not perform work. However, the effect of the system rotation on the turbulent energy transport should be incorporated thorough the rotational pressure [Eq. (4b)]. Then, we decompose the pressure diffusion term as
where Π N and Π Ω are respectively defined as
Hereafter, we refer to Π N as the nonlinear pressure diffusion and refer to Π Ω as the rotational pressure diffusion.
B. Diffusion problem described in terms of the RANS equation
In the case of oscillating-grid turbulence, there is no mean velocity and the flow is homogeneous in two directions and inhomogeneous in one direction. Hereafter, we take the direction of the flow inhomogeneity and the rotation axis to be z. Then, the equation for K is written as
In this case, F K represents the energy injection due to the grid oscillation. Here, all terms except for the viscous diffusion term are unknown variables and need to be modeled. In the conventional RANS modeling, ε is usually obtained by solving its transport equation, and the diffusion terms are modeled by the gradient-diffusion approximation as
where ν T is the eddy-viscosity coefficient expressed by ν T = C ν K 2 /ε in which C ν and σ K are model constants. For high-Reynolds-number turbulence, the diffusion by the kinematic viscosity is negligible and the model is given by
This model accurately predicts a non-rotating oscillating-grid turbulence since the eddy viscosity represents the energy diffusion due to turbulent mixing. The gradient-diffusion approximation for the energy flux is consistent with the experimentally observed growth of the turbulence thickness, d ∼ t 1/2 [12] . Moreover, Matsunaga et al. [13] revealed that the spatial distribution of the turbulent energy in a steady state of the oscillating-grid turbulence can be predicted using the RANS model described by the gradient-diffusion approximation.
However, the model given by Eq. (11) does not contain the effects of system rotation. As such, this model cannot account for the enhancement of the energy transport observed in a rotating oscillating-grid turbulence [14] [15] [16] [17] [18] . There are some elaborate RANS models in which the effects of system rotation are incorporated. For example, the effect of the suppression of the energy cascade is considered by modifying the transport equation for ε [4, 5] , and the rotation-dependent model coefficient is proposed with the aid of the algebraic Reynolds stress model procedure [6, 7] . Although these effects are essential for describing some effects of rotation on turbulence, they are insufficient to predict the energy transport enhanced in rotating oscillating-grid turbulence. This is because these models are based on the gradient-diffusion approximation; so that, they cannot account for the rapid growth of the turbulence thickness as d ∼ t, which was confirmed by several previous works [14] [15] [16] [17] .
Yoshizawa [31] developed a statistical closure theory for inhomogeneous turbulence which is called the two-scale direct-interaction approximation (TSDIA). Yoshizawa [19] proposed a model for the pressure diffusion term containing the effects of the mean shear and the mean rotation with the aid of the TSDIA. The model expression is written as
is the mean absolute vorticity tensor, and C KP S and C KP Ω are model constants. In the case where there is no mean velocity and the system is rotating, the model is given by
In this model, the relationship u
; that is, the velocity-pressure correlation is orthogonal to the angular velocity vector of the rotation. The model given by Eq. (14) represents the energy flux in the direction perpendicular to the rotation axis. Hence, it cannot account for the energy transport enhanced in the direction parallel to the rotation axis. In summary, previous models cannot account for the enhancement of the energy transport in the direction parallel to the rotation axis. C. A model for energy flux enhanced by helicity and system rotation Inagaki et al. [10] showed that the pressure diffusion term significantly contributes to the Reynolds stress transport in rotating inhomogeneous turbulence accompanied with helicity.
In their work, the effect of the system rotation on the velocity-pressure fluctuation correlation was analytically obtained with the aid of the TSDIA [31] . Detailed calculations are provided in Appendix A. As a result, we obtain the following model:
is the turbulent helicity and C Ω is a model constant. Therefore, the pressure diffusion due to the rotational pressure is expressed as
As seen from Eqs. (6) and (7d), the correlation between the velocity and the pressure fluctuation is interpreted as the energy flux due to the pressure. Hereafter, we refer to u
as the rotational pressure flux. Equation (15) indicates that the negative turbulent helicity invokes an energy flux parallel to the rotation axis, while the positive turbulent helicity invokes a flux anti-parallel to the rotation axis. This property corresponds to the group velocity of inertial waves; the wave packets with negative helicity propagate upward, while the packets with positive helicity propagate downward. Thus, this model of the rotational pressure flux plays a similar role to that of group velocity of inertial waves. The detailed expression of the group velocity of an inertial wave is given in Appendix B. This model is expected to account for the enhancement of the energy transport observed in a rotating oscillating-grid turbulence [14] [15] [16] [17] [18] . In fact, in the simulation of Ranjan and Davidson [17] , negative helicity is dominant in the upper side of the turbulent cloud, while positive helicity is dominant in the lower side, so that energy is transferred outward from the cloud. Moreover, the rotational pressure flux can be interpreted as the energy flux due to the inertial waves in linear inviscid limit. This point is discussed in Appendix C.
It should be noted that the effects of rotation should appear not only in the case of solid body rotation of the system, but also in the case in which the non-trivial mean vorticity exists. From the viewpoint of the covariance of model expression [32] , Eq. (15) should be written as
) denotes the mean absolute vorticity vector. Hence, this effect of helicity on the energy flux must be important in predicting the turbulent energy distribution in helical flows such as a swirling flow in a straight pipe [21, 22] , supercell [23, 24] , and also in the RANS model of the MHD turbulence [28] [29] [30] .
III. NUMERICAL SIMULATION A. Numerical setup
In order to assess the validity of the model given by Eq. (15), a DNS of inhomogeneous turbulence subject to system rotation is performed. The flow configuration is similar to that proposed by Ranjan and Davidson [17] . The computational domain is L x × L y × L z = 2π × 2π × 2π and the number of grid points is 512
3 . The pseudo-spectral method is used and the aliasing error is eliminated by using the phase-shift method. For time integration, the 3rd-order Runge-Kutta scheme is adopted for nonlinear term, while the viscous and the Coriolis terms are solved exactly using the integral factor technique [33] . The initial velocity field is given by a homogeneous isotropic turbulence confined around the z = 0 plane, and the rotation axis is directed to the z-axis. The parameters for the simulations are shown in Table I . Here, the Reynolds number Re and the Rossby number Ro are respectively defined
where K 0 = K| z=0,t=0 (= 0.704), ε 0 = ε| z=0,t=0 (= 1.24), and Ω F denotes the absolute value of the angular velocity of the system rotation.
In order to generate the solenoidal initial velocity, we perform a pre-computation of decaying homogeneous isotropic turbulence. For the initial condition of the pre-computation, the energy spectrum is set to
It is noted that in the initial condition of the pre-computation, the helicity is set to zero .
Here, we use the velocity field u hit i at the time 2K/3| t=0 k p t = 7.97 at which the energy has been transferred to high-wavenumber region and the energy dissipation rate starts decaying.
The stream function ψ i is introduced which satisfies u hit i = ǫ ijℓ ∂ψ ℓ /∂x j and ∇ 2 ψ i = 0. Then, the initial velocity field of the main computation of the inhomogeneous turbulence u ini i is given by
Here, g(z) is a weighting function which confines the velocity field around z = 0 and is set
where σ = L z /8 = 0.785. The integral length scale obtained from
516. Therefore, the width of the confined turbulent region, 2σ = 1.57, is three times as wide as the integral length scale L int . Figure 2 shows the spatial distribution of the turbulent energy at each time for runs 0 and 1. In both cases, the energy at |z| < 1 decreases while that at |z| > 1 increases with the progression of time. This represents the outward energy transfer. In the rotating case (run 1), the energy increase at |z| > 1 is faster and the resulting energy transfer is rapid compared with the non-rotating case (run 0). The spatial distribution of the turbulent energy at 2Ω F t = 2 for four runs of the rotating cases is shown in Fig. 3(a) . 0.02K 0 )|; that is, the location of the turbulence edge where the turbulent energy takes the value of K = 0.02K 0 , which is similar to the previous method [14] [15] [16] [17] . The time evolution of d with time is shown in Fig. 4(a) . The turbulence thickness for the rotating cases appears to grow linearly, while that for the non-rotating case (run 0) is saturated at t = 1. Fig. 4(b) . This result indicates that not only the energy transport due to the rotation, but also the diffusion due to the nonlinearity of the turbulence is important for moderate-Rossby-number flows. 
Budget of the turbulent energy transport equation
The budget of the turbulent energy transport equation (10) for run 5, the intensity of the rotational pressure diffusion is much larger than that of run 1 at the same time, where the time is normalized by the angular velocity of the system rotation.
The turbulent energy increases at 1 < |z| < 2 solely by the rotational pressure diffusion. As the Rossby number decreases, the contribution of the rotational pressure diffusion increases.
IV. DISCUSSION
A. Evaluation of the model for the rotational pressure flux
As seen in Fig. 5 , the rotational pressure diffusion term significantly contributes to the budget of the turbulent energy transport. This result indicates that the energy flux due to turbulence is enhanced by the system rotation. Firstly, we examine whether the enhancement of the energy flux can be predicted by the conventional gradient-diffusion approximation. Figure 6 shows the comparison between the total energy flux due to turbulence, u
, and the conventional gradient-diffusion approximation given by Eq. (11) for runs 0 and 1 at t = 1 and 2 (2Ω F t = 2 and 4 for run 1). The model constant is chosen as C ν /σ K = 0.22 so that the agreement is good for run 0. The value of the model constant is almost twice as large as the conventional value C ν /σ K = 0.09 [13, 34] . For run 0, the spatial distribution of the total energy flux can be predicted by the gradient-diffusion approximation although the model constant is large. On the other hand, for run 1, the energy flux is underpredicted by the gradient-diffusion approximation. In particular, a broad spatial distribution of the energy flux at −3 < z < 3 at 2Ω F t = 4 is not predicted. Figure 7 shows the comparison between the energy flux due to the nonlinearity, u
, and the gradient-diffusion approximation for runs 08 and 1 at 2Ω F t = 2 and 4. The model constant is the same as in Fig. 6 . In contrast to Fig. 6(b) , the energy flux due to the nonlinearity agrees fairly well with the gradient-diffusion approximation for both runs. Therefore, it is clearly shown that the conventional gradient-diffusion approximation can predict the energy flux due to the nonlinearity, but cannot account for the rotational pressure flux, u Next, we examine the newly proposed model given by Eq. (15) . Figure 8(a) shows the spatial distribution of the turbulent helicity for run 1 at each time. It is clearly seen that the negative turbulent helicity is dominant at z > 0, while the positive turbulent helicity is dominant at z < 0. The same sign of the segregation of the helicity was observed in the previous simulations [17, 18] . This spatial distribution of the turbulent helicity antisymmetric about z = 0 can be explained by considering the transport equation for the turbulent helicity. It is given by [8] ∂H ∂t = 2Ω
where only the production term is written on the right-hand side for simplicity. Since the turbulent energy is confined near z = 0 at the initial condition, ∂K/∂z is negative at z > 0, while it is positive at z < 0. Because Ω F z > 0, a negative H is generated at z > 0, while a positive H is generated at z < 0 for rotating cases as observed in Fig. 8(a) . The spatial distribution of the rotational pressure flux is shown in Fig. 8(b) . The spatial distribution of the rotational pressure flux is similar to that of the turbulent helicity with negative coefficient at each time. The same tendency is seen for other runs with system rotation. This result suggests that the model expression of the energy flux in terms of the turbulent helicity given by Eq. (15) is qualitatively good. Figure 9 shows the comparison between the rotational pressure flux and its model given by Eq. (15) with C Ω = 0.03 for runs 08 and 1 at 2Ω F t = 2 and 4. The model agrees fairly well with the directly evaluated value. The broad spatial distribution of the rotational pressure flux is predicted, which cannot be reproduced by the gradient-diffusion approximation. Therefore, the proposed expression is potentially a good candidate for the model of the rotational pressure flux.
B. Consistency of the model from the analytical view point
In Fig. 9 , the prediction by the proposed model at 2Ω F t = 2 is good, but does not hold as well for 2Ω F t = 4. The disagreement at 2Ω F t = 4 is partly because the dissipation rate ε is not adequate to express the coefficient in Eq. (15) . The coefficient K 3 /ε 2 in Eq. (15) represents the square of the turbulent length scale for the rotational pressure flux. In the RANS modeling, ε is often interpreted as the energy cascade rate from the large scale to the small scale in addition to the dissipation rate [34] . In the case of fully developed turbulence or a statistically equilibrium state, the energy cascade rate related to the large scales and the dissipation rate related to the small scales are considered to be almost equal; thus the dissipation rate can be used to express the turbulent length scale. However, as seen in Figs. 5(b) and 5(c), the dissipation rate is much less than the rotational pressure diffusion at 1 < |z| < 2 in this simulation, and the turbulent field is not in an equilibrium state. The dissipation rate is not balanced by the energy cascade rate which is closely related to the turbulent length scale. Therefore, it is possible that the expression K 3 /ε 2 overestimates the coefficient of the model given by Eq. (15) .
In order to correct the model expression (15), we analyze the rotational pressure flux theoretically. Since the flow is homogeneous in x and y directions, the Fourier transformation is applicable in these directions. Here, the Fourier transformation of q(x) in the homogeneous directions is defined as
where k ⊥ = (k x , k y ) and x ⊥ = (x, y). In the case that there is no solid wall, the Poisson equation for the rotational pressure given by Eq. (4b) is solved aŝ
Thus, the rotational pressure flux is written as
If the integral length scale of helicity is comparable to the integral length scale of energy,
Then, the rotational pressure flux can be expressed as
where C ΩL is a constant. Here, it is also assumed that the turbulent helicity is almost isotropic, H zz ≃ H/3. Figure 10 shows the comparison between the rotational pressure flux and the expression (28) for runs 08, 1, and 2 at 2Ω F t = 2 and 4. Here, C ΩL = 0.16 is adopted. In contrast to the model given by Eq. (15) (Fig. 9) , the expression (28) is in good agreement with the exact value at both time 2Ω F t = 2 and 4. This good agreement is also shown for run 2 in Fig. 10(c) . In the case of fully developed turbulence, the energy cascade rate to the small scale is comparable to the dissipation rate, as previously discussed. In such cases, the integral length scale of the energy can be expressed in terms of K and ε as
Thus, the expression (28) can be rewritten as the model given by Eq. (15) .
However, the model given by Eq. (15) is not good enough in a non-equilibrium case. In this sense, non-equilibrium effects for the model coefficient (L K ) 2 should be incorporated in order to improve the model given by Eq. (15) in future work. Nevertheless, it should be emphasized that the proposed model associated with the turbulent helicity and the system rotation can account for the energy flux enhanced in the direction parallel to the rotation axis, which is not expressed by previous models.
C. Helical Rossby number
In this simulation, the energy flux due to the nonlinearity can be predicted using the con- In this study, we define the helical Rossby number Ro H as the ratio of the energy flux described by the gradient-diffusion approximation to the energy flux due to the turbulent helicity and the absolute vorticity. By using the expressions (11) and (17), the helical Rossby number can be defined as
where ∇ denotes the spatial derivative in the direction of the absolute vorticity and Ω A denotes the absolute value of the absolute vorticity. A major difference between the helical Rossby number and the conventional Rossby number given by Eq. (18) is that the former contains the turbulent helicity. Hence, for non-helical rotating homogeneous turbulence [3] , the helical Rossby number is infinity although the conventional Rossby number can be small. On the other hand, for inhomogeneous turbulence with the finite turbulent helicity and a mean absolute vorticity, the helical Rossby number has a finite value. In the case of inhomogeneous turbulence under rotation, the turbulent helicity is often generated [17, 18] and one of its generation mechanism is seen in Eq. (20) . Figure 11 shows the distribution of the helical Rossby number given by Eq. (29) for four runs of the rotating cases at 2Ω F t = 2 in the present simulation. As shown in Fig. 8(b) , the rotational pressure flux assumes its maximum value near z = ±1. It is clearly seen in Fig. 11 that Ro H near z = ±1 decreases as the rotation rate increases. In the present simulation, C ν /σ K = 0.22 is appropriate for the model constant in the gradient-diffusion approximation given by Eq. (11) (see Fig. 7 ), while C Ω = 0.03 in the model for the rotational pressure flux given by Eq. (17) (see Fig. 9 ).
Thus, the ratio of the nonlinear energy flux to the rotational energy flux is estimated as 0.22/0.03 × Ro H ∼ 7 × Ro H . In this sense, Ro H < 1/7 is a criterion that the energy flux enhanced by the helicity and the rotation exceeds the energy flux expressed by the gradient-diffusion approximation. Although the definition of the helical Rossby number given by Eq. (29) has a physically clear interpretation, it is complex since it contains the spatial derivative in the direction of the rotation axis. Then, we define the simplified helical Rossby number Ro
It should be noted that the simplified helical Rossby number still has the same feature as the helical Rossby number given by Eq. (29) in the sense that it has a finite value only when the turbulent helicity is non-zero. Figure 12 shows the distribution of the simplified helical Rossby number given by Eq. (30) for four runs of the rotating cases at 2Ω F t = 2 in the present simulation. Although the overall profile is different from Fig. 11 , it is seen that Ro In the last section, we introduced the helical Rossby number which represents the ratio of the energy flux described by the gradient-diffusion approximation to that enhanced by the turbulent helicity and the absolute vorticity. The helical Rossby number is different from the conventional Rossby number. The former has a finite value only when the turbulent helicity is non-zero, while the latter can have a finite value even when the turbulent field is non-helical. Turbulent flows associated with the helicity and the large scale vortex are often encountered in engineering [21, 22] , meteorological [23, 24] , and the MHD turbulence [25] [26] [27] [28] [29] [30] . We expect that the helical Rossby number can potentially be utilized as a criterion for judging the relative importance of the energy flux enhanced by the turbulent helicity and the rotation in general turbulent flows.
We assume that the mean values change so slowly that they depend only on the slow variables, (X; T ), while the fluctuating fields depend on both the fast and slow variables. This reads as
where q = (u i , p). Under Eq. (A1), the space and time derivatives are expressed as
The effects of inhomogeneity are included by the derivative expansion in powers of δ. In order to observe the effects of the rotation, the fluctuation fields q ′ are expanded not only in powers of δ but also in powers of the rotation parameter Ω F as
The O(δ 0 |Ω F | 0 ) field corresponds to the homogeneous non-rotating turbulence. The effects of inhomogeneity and anisotropy are incorporated in the fields of O(δ n ) with n ≥ 1, and the effects of the rotation are incorporated in the fields of O(|Ω F | m ) with m ≥ 1, in a perturbational manner. Here, we assume that the Fourier transformation can be applied to the fast variables ξ;
We also assume that the lowest-order field satisfies the following statistical property,
H denote the spectra of the turbulent energy and helicity of the lowest-order field, respectively. They satisfy the following expression:
Up to O(δ|Ω F |), the pressure diffusion for the turbulent energy transport is calculated as
The expression of the pressure diffusion given by Eq. (A9) was obtained by Inagaki et al. [10] . In this study, we obtain the concrete expression of the model in terms of the K-ε model. In the TSDIA, the energy spectrum is expressed by means of the inertial-range form with a low-wavenumber cutoff as [31] ,
where C K is the Kolmogorov constant and k C denotes the cutoff wavenumber corresponding to the energy-containing scale. Here and hereafter, the dependence of the statistical values on slow variables, (X; T ), are omitted for simplicity. The helicity spectrum can be expressed in the following form [35] ;
where k H is the cutoff wavenumber of the lower part of the helicity spectrum. By using Eq. (A14), the wavenumber characterizing the helicity containing scale k H can be expressed
If the decaying rate of the turbulent helicity can be estimated by the turbulent time scale K/ε, ε H is expressed as [8] ,
As the renormalization procedure, we replace K B and H B by K and H, respectively. Using
Eqs. (A9) and (A15)-(A17), the model of the pressure diffusion term is expressed as
This expression is the same as Eq. (16).
Appendix B: The property of the group velocity of inertial wave
We briefly explain the property of the group velocity of an inertial wave (see e.g. [40] for details). When the system rotation is so rapid that the nonlinear and viscous terms are negligible compared with the Coriolis force term, motion of the fluid is governed by
with the continuity equation (2) . Note that p N = 0 under this condition. Taking the curl of each term in Eq. (B1), the vorticity equation in a linear inviscid system is derived as
Taking the curl again and time derivative of Eq. (B2), the wave equation is derived as [40] ∂ 2 ∂t 2 ∇ 2 u i = 2Ω 
where D ij (k) = δ ij − k i k j /k 2 . Equation (B4) indicates that wave packets in a rotating fluid propagate upward or downward in the direction of the rotation axis. The sign of the frequency and the group velocity of the inertial wave is related to the sign of helicity [20] .
Substituting the wave solution and the frequency given by Eq. (B4) to the vorticity equation (B2), we haveω
whereω i = iǫ ijℓ k jũℓ . Thus, the helicity is expressed as
Hence, the wave packets with negative helicity propagate upward, while the packets with positive helicity propagate downward, as mentioned in Sec. II C.
Appendix C: Relationship between the inertial waves and the rotational pressure flux Here, we consider homogeneous isotropic reflectionally-asymmetric turbulence. In the case of homogeneous turbulence, the diffusion terms such as Eqs. (7c)-(7e) vanish. However, the energy flux itself can be non-zero. In this situation, the rotational pressure flux is expressed as,
In homogeneous isotropic reflectionally-asymmetric turbulence, the velocity correlation is exactly written as
where e(k) and h(k) denote the three-dimensional spectra of the energy and the helicity, respectively. Substituting Eq. (C2) to (C1) gives:
Note that Eq. (23) 
This equation can be interpreted as the energy flux due to the group velocity of the inertial waves. Hence, the rotational pressure flux is closely related to the inertial wave propagation.
It should be noted, however, the model expressed by Eqs. (15) or (17) should be used for fully nonlinear turbulence, while Eq. (C5) is valid only in the linear inviscid regime.
